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Abstract 

The purpose of this paper is to introduce different types of oper- 
ations on fuzzy ideals of F— semirings and to prove subsequently that 
these oprations give rise to different structures such as complete lattice, 
modular lattice on some restricted class of fuzzy ideals of F— semirings. 
A characterization of a regular F— semiring has also been obtained in 
terms of fuzzy subsets. 
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1 Introduction 



If we remove the restriction of having additive inverse of each element in a ring 
then a new algebraic structure is obtained what we call a semiring. Semiring 
has found many applications in various fields. In this regard we may refer 
to Golan's [5] and Weinert's [B] monographs. Semiring arises very naturally 
as the nonnegative cone of a totally ordered ring. But the nonpositive cone 
of a totally ordered ring fails to be a semiring because the multiplication is 
no longer defined. One can provide an algebraic home, called F— semiring, to 
the nonpositive cone of a totally ordered ring. The notion of F— semiring was 
introduced by M. M.K.Rao [H] in 1995 as a generalization of semiring as well 
as of F— ring. Subsequently by introducing the notion of operator semirings 
of a F— semiring Dutta and Sardar enriched the theory of F— semirings. In 
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this connection we may refer to [3]. The motivation for this paper is the fact 
that F— semiring is a generahzation of semiring as well as of F— ring and fuzzy 
concepts of Zadeh [10] has been successfully applied to F— rings and semirings 
by Jun et al [7] and Dutta et al [2], [1]. We define here some compositions of 
fuzzy ideals in a F— semiring and study the structures of the set of fuzzy ideals 
of a F— semiring. Among other results we have deduced that sets of fuzzy 
left ideals and fuzzy right ideals form a zero-sum free semiring with infinite 
element. We have also deduced that fuzzy ideals of a F— semiring is a complete 
lattice which is modular if every fuzzy ideal is a fuzzy k-ideal. 

2 Preliminaries 

Definition 2.1 [9\Let S and F be two additive commutative semigroups. 
Then S is called a T— semiring if there exists a mapping 

S xT X S ^ S (images to be denoted by aab for a,b & S and a G F) satisfying 
the following conditions: 
(i) (a + h)ac = aac + bac, 
(a) aa{b + c) = aab + aac, 
(Hi) a{a + f3)b = aab + a(]b, 

(iv) aa{bl3c) = {aab)(5c for all a,b,c ^ S and for all a, /3 G F. 

Further, if in a T— semiring, {S,+) and (F,+) are both monoids and 
(i) O^ax = Os = xa^s 

(a) xOrV = Os = yOrx for all x,y & S and for all a ^ T then we say that S is 
a T— semiring with zero. 

Throughout this paper we consider F— semiring with zero. For simplification 
we write instead of Og and Or which will be clear from the context. 

Definition 2.2 |T0] Let S be a non empty set. A mapping yU : — )■ [0, 1] is 

called a fuzzy subset of S. 

Definition 2.3 ^Let fi be a non empty fuzzy subset of a T—semiring S 
(i.e. fi{x) 7^ for some x E S). Then fi is called a fuzzy left ideal [ fuzzy right 
ideal] of S if 

(i) ^{x + y) > min[n{x), n{y)] and 

(a) n{x'jy) > ^{y) [resp. fi{x'yy) > fi{x)] for all x,?/ G 5", 7 G F. 

A fuzzy ideal of a F— semiring S is a non empty fuzzy subset of S which is 
a fuzzy left ideal as well as a fuzzy right ideal of S. 

Definition 2.4 [5] Lei S be a non empty set and '+' and '. ' be two binary 
operations on S, called addition and multiplication respectively. Then {S,+, .) 
is called a hemiring (resp. semiring) if 
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(i) (S, +) is a commutative monoid with identity element 0; 
(a) (S, .) is a semigroup (resp. monoid with identity element 1); 
(Hi) a.{h + c) = a.h + a.c and {h + c).a = b.a + c.a for all a,b,c E S. 

(iv) a.O = O.a = for all a e S; 

(v) 1 ^ 0. 

A hemiring S is said to be zero-sum free if a + b = implies that a = b = 
for all a, 6 G S*. 

An element a of a hemiring S is infinite iff a + s = a for all s & S. 
For more on preliminaries we may refer to the references and their references. 



3 Operations on fuzzy ideals 

Throughout this paper unless otherwise mentioned S denotes a F-semiring with 
unities[5] and FLI{S), FRI{S) and FI{S) denote respectively the set of all 
fuzzy left ideals, the set of all fuzzy right ideals and the set of all fuzzy ideals 
of the F-semiring S. Also in this section we assume that fi{0) = 1 for a fuzzy 
left ideal (fuzzy right ideal, fuzzy ideal) /i of a F— semiring (F— hemiring) S. 

Definition 3.1 Let S be aV -semiring and ^ii, ^2 G FLI{S) [FRI{S), FI{S)]. 
Then the sum ^i® 1^2, product fiiTfj,2 and composition fii o ^2 of /ii and ^2 
are defined as follows: 

(/Ui ©^2)(a;) = sup [min[/ii(-u),/i2('u)] : -u, v G S*] 

x=u+v 

= if for any u,v E S,u -\- v x. 
{fiiTfi2){x) = sup [min[^i(-u), /Z2(f)] : m, G S*; 7 G F] 

x=U'yv 

= if for any u,v E S and for any 7 G F, wjv 7^ x. 
{Hio ij.2){x) = sup [mm[min[ni{ui),H2{vi)]]:Ui,VieS,-fieT] 

n l<i<n 
i=l 

= otherwise. 

Note. Since S contains 0, in the above definition the ^ u + V for 

any u,v & S does not arise. Similarly since S contains left and right unity, the 
case X 7^ ^^tti7jfi for any Ui, Vi E S,^i E T does not arise. In case of product 

i 

of fii and /i2 if S has strong left or right unity [i.e., there exists e G 5, 5 G F 
such that eSa = a for all a G 5] then the case x ^ u^v for any u,v E S and 
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for any 7 e F does not arise, i.e., in otherwords there are u,v E S and 7 e F 
such that X — wyv. 



Proposition 3.2 Let fn, fi2 e FLI{S)[FRI{S), FI{S)]. Then 
Ail ©yU2 G FLI{S)[ resp. FRI{S), FI{S)]. 

Proof. {fXi © A*2)(0) — sup [u]in[fii{u) , fj.2{v)] : u,v E S] 

0=u+v 

>min[AXi(0),AX2(0)] = MO. 
Thus III © 112 is non empty and (yUi © A*2)(0) = 1. 
Let x,y & S and 7 e F. Then 

{1^1 © l^2){x + y)^ sup [min[//i(p), //2(g)] : p, g G 5'] 

> sup [mm[fj,i{u + s), fX2iv + t)]: u,v, s,t & S] 

X = U + V 

y = s + t 

> sup [min[min[Aii(M),/Xi(s)],min[//2(f),/U2(0]]- ^ 'S'] 
a; = M + u 

y = s + t 

= sup [min[min[//i(it),yU2('y)],min[yUi(s),/X2(^)]]: itj'yjSj^ e 5*] 

.X = ?7, + V 

y = s + t 

= min[ sup [mm[fii{u), fi2{v)]], sup [mm[/j.i{s) , H2{t)]]] 

x=u+v y=s+t 
= mm[{fXi © fX2){x), (/ii © yU2) (?/)]. 

Again (//i © H2){x'yy) = sup [min[A/i(p), ^^2(9)]] 

> sup [mm[ni{x'ju) , iJ,2{x'yv)]] 

y=u+v 

[ Since x^y = x^{u + v)= xju + x^v] 

> sup [mm[iJ,i{u),iJ,2{v)]] = (/^i © A*2)(2/)- 

y=u+v 

Hence //i © //2 e FLI{S). 



Proposition 3.3 Let fn, ^2, 1^3 & FLI{S)[FRI{S), FI{S)]. Then 
(i) Ail © = Ai2 © /^i • 
("iiy) (a^i © Ai2) © A^s = /^i © (Ai2 © A^s)- 

(in) 9 ® = IJii = Hi ® 9 where 9 is a fuzzy ideal of S, defined by, 
1 if x^O 

if Xy^O 

(iv) Ail © A^i = A*i- 

(v) Ail ^ /-/'i © /■''2 a^^'f^ 

(vi) Hi C H2 implies that A^i © /^a ^ © A*3- 
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Proof, (i) We leave it as it follows easily. 

(ii) Let X E S. 

((a*i ffi A*2) ® Ai3)(.^) = sup [mm[{fii® ii2){u),fj,3{v)] : u,v E S] 

x=u-\-v 

= sup [min[ sup [min[//i(p), //2(g)] : P, ? e S]], f^siv)] 

x=u+v u=p+q 

= sup sup [mm[mm[ni{p), ij,2{q)], fJ^siv)]] 

x=u+v u=p+q 

= sup [min[/ii(p),/i2(g),/U3(t;)]]. 

x=p+q+v 

Similarly we can deduce that (/xi©(/i2©A*3))(a^) = sup [min[//i(p), /i2(g)j A*3(i^)]]- 

x=p+q+v 

Therefore (/ii © ^12) © //a = /Ui ® {1JL2 © l^z)- 

(iii) For any x G 5, 

{0 ® ljii){x) = sup [min[^^(-u), y[xi(t>)], for M, f G 5] 

= m\n[6{Q), jii{x)\ = fii{x). 
Thus 6 (B Hi = Hi- From (i) //i © 6' = 6* © /xi = //i. 

(iv) Let xeS. Then 

(a*! © — sup [min[//i(M), yUi(i')], for u.,v E S\ 

x=u+v 

< sup + = IJ'i{x) 

x=u+v 
So /^l © /il C ^1 

Again yUi(a;) = min[yLti(0), //i(a;)] 

< sup [min[//i(ii), for u, u G 5] = (yUi © 

Therefore //i C © /Ui. Consequently, A*i = A*i © 

(v) Let x E S. Then 

(//i © //2)(2^) = sup [min[//i(u),yU2(t')], for u,v E S] 

x=u+v 

> min[yUi(x),yU2(0)] = lJ,i{x). 
Thus /ii C /ii © /i2. 

(vi) Let /ii C /i2. and x G 5*. Then 

(a*i © /^3)(a^) = sup [min[^i('u), /i3(f )], for u,v E S] 

x=u+v 

< sup [mm[ii2{u),ii3{v)], for ti, v G 5] = (/X2 © l^3){x). 

x=u+v 

Hence /xi © //s C y[/2 © A*3- 

Proposition 3.4 Let fMi, fM2 e FLI{S)[FRI{S), FI{S)]. Then 
H10112E FLI{S) fresp. FRI(S), FI(S)]. 

Proof. Since (/xi o /i2)(0) 

= sup [ min [min[/xi(Mj), /X2(t'i)]] : Ui, Vi E S,^i ET,n E 

n l<.i<n 

0= ^ Mj7jt;i 

i=l 

> min[/ii(0),//2(0)] = 1^0 [Since //i(0) = //2(0) = 1], 
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it follows that fj,i o ^2 is nonempty and (yUi o /U2)(0) = 1. 

Now, for any x,y & S, 
il^io H2){x + y) 

= sup [ min [min[//i(ui), //2(^^i)]] : Vi e S,ji eT,n e Z+] 

n l<i<n 

x+y= ^ 'UiTi'f^i 
i=l 

> sup[ min [min[min[/xi(«i), /X2('t;j)], min[/Xi(pfe), //2(gfc)]]] : 

1 < i < m 

l<k<l 

m I 

X = ^uaiVi,y = ^Pklkqk,Ui,Vi,pk,qk G 5"; 7^ G T; m, / G Z+] 

i=l k=l 

= min[ sup [ min [mm[fj,i{ui) , ^2{vi)]] : Ui,Vi G 5,7^ G r,m G Z+], 

m l<i<m 
i=l 

sup [min [min[//i(pfc),//2(9fc)]] : Pk,qk G S',7fe G T,/ G Z+]] 

; l<fc<( 

y= ^PklkVk 

k=l 

= min[(//i o H2)ix), (//i o //2)(y)]- 
Now {/ii o ii2){x-fy) 

= sup [ min [min[/Xi(Mj), //2(t'i)]] : Ui, Vi e S,^i er,n e Z+] 

n l<i<n 
i=l 

> sup [ min [m.m[ni{x^Sj), H2{tj)]]] 

m ^<J<m 
y= XI ^^^^^^ 

> sup [ min [min[/xi(sj), /X2(tj)]]] = (/Ui o /U2)(y) 
i=i 

Hence /Xi o /X2 G FLI{S) 

Proposition 3.5 Le^ //i,At2 G FLI{S)[FRI{S), FI{S)]. Then 
Proof. If for any u,v & S and for any 7 G F, 1(71; 7^ x then 

A*ir/U2 C /Xi O ^2- 

Now for any x & S, {fXi o fX2){x) = 

sup [ min [min[//i(wj), /X2(t'i)]] : G 5", 7, G T, n G Z+] 

Ti l<i<n 

^= 5^ uaiVi 

i=l 
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> sup [mm[ni{u) , fi2{v)]] = {fiiT fj.2) (x) . 

x=U'yv 

Thus ^iT^2 ^ fJ'i <=> fJ'2- 

Proposition 3.6 Let fii be a fuzzy right ideal and ^2 be a fuzzy left ideal of 
S. Then iiiT^2 ^ /^i H //2- 

Proof. Let /ii be a fuzzy right ideal and /Z2 be a fuzzy left ideal of S. For 

X & S, 

{jj,iT^2){x) = sup [mm[^i{u) , ^2{v)] ■.u,veS]< sup [mm[^i{u-fv) , jj.2{u'yv)]] 

x=U'yv x=u'yv 

< sup (/ii n /i2)(M7t;) = (/ii n /i2)(a;). 

x=U'yv 

Thus fJ,iTfi2 C /ii n yU2- 

The following is a characterization of a regular F— semiring in terms of fuzzy 
subsets. 

Theorem 3.7 A T— semiring S is multiplicatively regular[9\ if and only if 
/iiF//2 = /ii n /i2 for every fuzzy right ideal fii and every fuzzy left ideal fj.2 of 
S. 

Proof. Let S be a multiplicatively regular F— semiring and /ii be a fuzzy 
right ideal and /i2 be a fuzzy left ideal of S. Then by Proposition 13.61 

^ A^i n /i2- Let c E S. Since S is multiphcatively regular, there exists 
an element x in S and 71, 72 € F such that c = C71X72C. 
Now (/iiF/i2)(c) = sup [min[fii{a) , fi2{b)] : a, 6 G S"; 7 G F] 

c=a'yb 

> min[fii{c^ix) , fi2{c)] [Since c = (c7i2;)72c] 

> mm[/ii(c),^2(c)] = (^1 n/i2)(c). 
Therefore (/ii fl ^12) ^ /^iF//2 and hence /X1F/Z2 = /xi fl ^2- 

Conversely, let S is a F— semiring and for every fuzzy right ideal /ii and every 
fuzzy left ideal //2 of S, /iiFyU2 = /ii fl /i2- Let L and R be a left ideal and a 
right ideal of S respectively and let x G L fl i?. 

So Xl{x) = 1 = Xr{x). Thus (Al fl Xr){x) = 1. Now since XrTXl = XrH Xl, 
so {XrTXl){x) = 1. Therefore sup [min[XR{y) , Xl{z)] : ?/, z G S"; 7 G F] = 1. 

x=yjz 

Thus there exists some r, s G S" and 71 G F such that Xl{s) = 1 = XR^r) 
for X = r^is. Then r E R and s E L and so a; = rjis G RTL. Therefore 
LnRC RTL. Also LnRD RTL. Thus RTL = RnL. Consequently, S is 
multiplicatively regular. 

Proposition 3.8 Let /ii,/i2 G FI(S). Then 

/ilF^2 ^ /ii O /i2 C /ii n /i2 C /ii, ^2- 
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Proof. By Proposition 13.51 jjLiT^2 ^ /^i o /^2- For any x G S", if 
(a^i o yU2)(a^) = then obviously /ii o /i2 C /i^ fi /i2- Now for any x G S", 
(/ii o/i2)(x) 

= sup [min [min[/ii(ui),/i2(t;i)]] : ^ii^j ^ 'S',7i G r,n G Z+] 

n l<i<n 
i=l 

< sup [ min [mm[fii{ui'yiVi) , H2{uaiVi)]] : Ui, Vi e S,'yi e T,n e Z^] 

n l<i<n 
i=l 

< min[/ii(x), //2(a:)] = (/ii fl /i2)(a;). 

Therefore /ii o /i2 C /i^ fi /i2. Again (yUi fl /i2)(a^) = iiiin[/xi(x), //2(a;)] < l^-iix). 
Thus /ii n //2 ^ /Ui. Similarly it can be shown that fii (1 fi2 ^ /J2- Hence the 
proposition. 

Proposition 3.9 Let f^i, fi2, f^s e FLI{S)[FRI{S), FI{S)]. Then 
Aiir/^2 ^ yUs if and only if yUi o yU2 ^ /^s- 

Proof. Since [jliT^2 ^ /^i o /^2 it follows that /ii o /i2 C /i3 implies that 
^ ^3. Assume that fiiTfj.2 ^ /^s- Let x E S and 

X = ^Ui7i^;i, Mi, t;i G S", 7i G r, n G 

n 

Then ^^3(2;) = yU3(^Mi7i^i) 

1=1 

> min[/X3(^Zi7it;i),/i3(u272t'2), , /^sl^inTn^'n)] 

> min[(/iir/i2)(Ml7l^l), (^iryU2)(M272^2), , (/UiryU2)(Mn77i^^n)] 

> min[min[/ii(Mi),//2(^'i)], , min[/ii(u„), /X2(i'n)]- 

^3{x) > sup [min [min[/ii(wi), /i2(fi)]]] = (/Xi o/x2)(x). 

n l<j<7i 

Thus //i o /i2 C //3. 

Proposition 3.10 Let fii, fi2, fi3 & FLI{S)[FRI{S), FI{S)]. Then 

(i) (^1 o ^2) o /i3 = ^1 o (^2 o A*3)- 

(ii) fj.1 fi2 implies that /ii o /i3 C /i2 o /i3. 

(^mj fj.1 o fj.2 = f^2 ° fJ-i, if S is commutative T— semiring, 
(iv) 1 o = Hi where 1 G FLI{S) is defined by l{x) = 1 for all x G S 
[resp. fii o 1 = 1 o Hi = Hi o 1 = fii]. 

Proof. Proof of (i) follows from the definition, 
(ii) Let Hi ^ A*2- Now {hi o ^3)(x) 
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= sup [ min [mm[fii{ui) , fis{vi)]] : Ui, Vi e S,'yi e T,n e Z+] 

n l<i<n 

1=1 

< sup [min [mm[fi2{ui) , fisi^Vi)]]] = {^2° ^^){x). 

l<i<n 

Thus /il O /i3 C /i2 O /ig. 

(iii) {niOfi2){x) 

= sup [ min [min[/ii(uj), /Z2(i'j)]] : Ui, Vi e S,-fi e T,n e Z+] 

n l<i<n 
i=l 

= sup [min [min[/i2(fi), /ii('Ui)]]] if S is commutative F— semiring 

n l<i<n 



i=l 



= (/i2 O 

Hence yUi o = o /^i- 

(iv) As S is with left unity ^^[cj, Si] G L which is defined by 

i 

^^ej(5jX = x{cf. Definition 5.1[3J) for every x G we have, 

i 

(1 o/ii)(a;) = sup [min [mm[l{ui), fii{vi)]] : Ui,Vi e S,-fi eT,n e Z+] 

n l<i<n 



i=l 



sup[min [min[l, /ii(fi)]]] = sup[min /ii[(t'i)]] < sup[min [^ii{ui'^iVi)]] 

l<i<n Ki<n l<i<n 



1=1 



Therefore (1 o yUi) C /i^^. Again (1 o /ii)(a;) 

= sup [ min [mm[l{ui), fii{vi)]] : Ui,Vi e S]-fi eT,n e Z^] 

n l<i<n 



i=l 

> min [min[l(ej), [Since } CiSiX = x] 

1 <i<n. f ^ 



l<i<n 

j 

= fJ-iix) 

So /il C 1 o and hence 1 o = /ii. 

The following result shows that '.' distributive over '©' from both sides. 



Proposition 3.11 Let fii, fi2, fis e FLI{S)[FRI{S), FI{S)]. Then 

(i) 111 o (/i2 © /U3) = yUi o Ai2 © A^i o and 

(ii) {li2 © Ats) O /"I = At2 O /il © /i3 O /il . 
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Proof. Since /i2 C /ig © /is therefore /ii o //2 ^ /^i o {fJ'2 © fJ-s)- 
Similarly //i o //g C o (/i2 © /is)- 

Thus (//I O /X2) © (/ii O //g) C (/ii O (/i2 © /ig)) © (/ii O (/X2 © /X3)) 
= (/il O (/i2 © /Us))- 

Now let 2; G 5 be arbitrary. Then 
[fJ-i o (/i2 ©^3)](a;) 

= sup [mm[mm[fii{ui),{fi2® fJ-3){vi)]] : Ui,Vi e S,-fi eT,n e Z^] 

n l<i<n 
i=l 

= sup[min [min[/ii(wi), sup [min[/i2(ri), /i3(si)]]]]] 

= sup [min [min[^i(Mi),/i2(ri),//3(si)]] 

n l<i<n 
i=l 

< sup [niin[min[min[/xi(pj),/i2(gj)]],niin[ min [/ii(pl), /is(g 

n m 1<J< l</c<m 

j=l k=l 

n m 

= sup[min[(/xi o fi2){u), (/ii o /i3)(v)] : u = ''^PjSjQj and v = 

j=i k=i 

= {{Hi 0/i2) © (/ii 0/i3))(x). 

Thus //I O (/i2 © /Z3) C (/ii O fj,2) © (/ii O /i3). 

Hence we conclude that /ii o (/X2 © /xs) = (//i o /i2) © (/zi o /is). 
Proof of (ii) follows similarly. 

Theorem 3.12 Let S be a T— semiring. Then FLI(S) and FRI(S)both are 
zero-sum free hemiring having infinite element 1 under the operations of sum 
and composition of fuzzy left ideals and fuzzy right ideals respectively. 

Proof. It is easy to see that 6 G FLI{S). Now by using Propositions 13.21 
\3.3\ 13. 4^ 13.101 13.111 for any /zi, /i2, /is G FLI{S), we easily obtain 

(i) /ii ©/i2 G FLI{S), 

(ii) /ii o /i2 G FLI{S), 

(iii) /ii © /i2 = /i2 © ^1, 

(iv) 9 ® fii = /ii, 

(v) Hi © (/i2 © /is) = (Ail © A*2) © A^s, 

(Vi) /il O (/i2 O /ig) = (/ii O /i2) O /is, 

(Vii) /il O (/i2 © /is) = (/il O fl2) © (/il o /is), 

(viii) (/i2 © /is) o /il = (/i2 o /^i) © (a^s o A^i)- 

Cosequently, FLI(S) is a hemiring under the operations of sum and composition 
of fuzzy ideals of S. 

Now by Proposition 3.3(v), 1 C 1 © /z for // G FLI{S). 
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Also (1 © ii){x) = sup [mm[l{y),ii{z)] : y,z e S] <1 ^ l{x) for all x e S. 

x=y+z 

Therefore 1 © C 1 and hence 1 © = 1 for all e FLI{S). 
Thus 1 is an infinite element of FLI(S). Now let Hi® IjL2 — for 
A^i,A*2 G FLI{S). Then /Ui C /xi © /i2 = 6* C /xi. Consequently, /ii = 9. 
Similarly it can be shown that /X2 = 0. Hence the hemiring FLI(S) is zero-sum 
free. 

In analogous manner we can proof the result for FRI(S). 

Remcirk. If S is a commutative F— semiring then FLI(S) and FRI(S) are 
semirings. 

Corollary 3.13 FI(S) is a zero- sum free simple semiring under the opera- 
tions of sum and composition of fuzzy ideals. 

Proof. By Proposition 3.10(iv) we have lo/i = ^ol = /x for all /j, G FI{S). 
Hence the result follows from the above theorem. 

Lemma 3.14 Intersection of a nonempty collection of fuzzy left ideals (resp. 
fuzzy right ideals, fuzzy ideals ) is a fuzzy left ideal ( resp. fuzzy right ideal, 
fuzzy ideal) of S. 

Proof. Let {//j : i G /} be a nonempty family of fuzzy ideals of S. Let 
x,y e S. 

Then (Pi + y) = mi[iJi{x + y)]> inf [min[/ij(a:), 

= mm[mi[iii{x)],mi[i^i{y)]] = min[(n (Pi 
Again {r]^ii){x-fy) = M[fii{x-fy)]> mi[^i{y)] = {C\^ii){y). 

i&I iel 

Thus 1^ yUj is a fuzzy left ideal of S. 

iel 

Similarly we can prove the other statements. 

Theorem 3.15 Let /ii and be two fuzzy left ideals (fuzzy right ideals, 
fuzzy ideals) of a semiring S. Then fii © fi2 is the unique minimal element 
of the family of all fuzzy left ideals (resp. fuzzy right ideals, fuzzy ideals) of S 
containing /xi and //2 and fj,i fl /X2 is the unique maximal element of the family 
of all fuzzy left ideals (resp. fuzzy right ideals, fuzzy ideals) of S contained in 
III and fj,2- 

Proof. Let/xi,/X2 G FLI{S). Then fii, fi2 ^ A''i©A*2 [cf- Proposition 3.3(v)]. 
Suppose A*! C and ^2 Q ip where ip G FLI{S). Now for any x e S, 
(/^i ® /^2)(a;) = sup [mm[iii{y),ii2{z)] ■.y,zeS]< sup[min[V'(y), -0(^)1] 

x=y+z 
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< sup i/j^y + z) = ip{x) 
Thus ;Ui © /i2 C i/j. Again /ii fl //2 ^ /^i, 1^2- 

Let us suppose that G FLI{S) be such that 4> Q and C /i2. Then for 
any x G S", 

(/xin/i2)(x) = min[//i(a;),/i2(a:)] > min[0(2;), 0(x)] = 

Thus (j) fJ.ir{fi2- Uniqueness of /ii ©/U2 and fl ^2 with the stated properties 
are obvious. 

Proofs of other cases follow similarly. 

Theorem 3.16 FLI(S) [resp. FRI(S), FI(S)] zs a complete lattice. 

Proof. We define a relation '<' on FLI(S) as follows: fii < ^2 if and only 
if < /i2(a^) for all x & S. Then FLI(S) is a poset with respect to '<'.By 

Theorem 13.151 every pair of elements of FLI(S) has lub and gib in FLI(S). 
Thus FLI(S) is a lattice. Now 1 G FLI{S) and /i < 1 for all /i G FLI{S). So 
1 is the greatest element of FLI(S). Let {/ij : i G /} be a non empty family 
of fuzzy left ideals of S. Then by Lemma [3.14[ it follows that [^/^i G FLI(S). 

i€l 

Also it is the gib of {/i^ : i G /}. Hence FLI(S) is a complete lattice. 
Proofs of other cases follow similarly. 

Proposition 3.17 If S is a T— semiring then the lattice {FLI{S),(B,r\) 
[{FRI{S), ©, n), {FI{S), ©, n)] is modular if each of its member is a fuzzy left 
k-ideal [resp. fuzzy right k-ideal, fuzzy k-ideal]. 

Proof. Let us assume that every member of FLI(S) is a fuzzy left k-ideal 
and /ii, /i2i /J3 ^ FLI{S) such that yU2 H //i = /i2 H /is, ^2 ® l^'i = 1^2 ® A^s and 
/Ui C //g. Then for any x G S", 

/ii(x) = (/ii © /ii)(x) = sup [min[/ii(M), -.u.v & S] 

x=u+v 

> sup[min[//i(M), {^2 n ^^l){v)]] = sup[min[/ii(M), {^2 H tJ-3)iv)]] 

= sup[min[/ii(M),min[//2(^^),/X3(t;)]]] = sup[min[min[/ii(M), /i2(^^)], /isl^^)]] 

> sup[min[min[/ii(M), /i2(f )], min[/i3(w + t;), /i3('u)]]] [Since /is is a left k-ideal]. 

> sup[min[min[//i(M),/i2(i')],min[/i3(M + v),fii{u)]]] 
= sup[min[min[/ii(-u), /i2('u)], /i3(w + v)]] 

= min[sup[min[/ii(M),/i2('y)]], sup[/i3(u + v)]] = min[(/zi © /i2)(x), /i3(x)] 
= min[(/ii © fj,3){x), H3{x)] = ^^{x) [Since //s ^ /^i © /^s]- 
Thus /is C Hi and hence /ii = /is. Hence {FLI{S), ©, fl) is modular. 
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